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This artile summarizes and extends the reent developments in the mirosopi modeling
of the magneti exitations in uprate two-leg ladder systems. The mirosopi Hamiltonian
omprises dominant Heisenberg exhange terms plus an additional four-spin interation
whih is about ve times smaller. We give an overview over the relevant energies like the
one-triplon dispersion, the energies of two-triplon bound states and the positions of multi-
triplon ontinua and over relevant spetral properties like spetral weights and spetral
densities in the parameter regime appropriate for uprate systems. It is onluded that
an almost omplete understanding of the magneti exitations in undoped uprate ladders
has been obtained as measured by inelasti neutron sattering, inelasti light (Raman)
sattering and infrared absorption.
Keywords: magneti exitations, spin ladders, high-T

-superondutivity, spin liquids, four-
spin ring exhange, spetral densities, ontinuous unitary transformations
1. Introdution
The origin of high-temperature superondutivity in layered uprates is still heavily
debated. Nevertheless, it has beome evident in the last years that the important
physis takes plae in the two-dimensional opper-oxide planes
1;2
. At zero doping,
these ompounds are insulating long-range ordered antiferromagnets whih are de-
sribed by (extended) Heisenberg models
3
. On doping, they an be viewed as doped
Mott insulators
4
. Doping destroys the antiferromagneti order rapidly. At some nite
value of doping, the superonduting state is realized.
The long-range ordered Neel state at zero doping suggests to base a mirosopi
desription on magnons whih interat with the doped holes. But the holes destroy the
ordered Neel state giving rise to a spin-liquid state with short range antiferromagneti
orrelations. Thus, it would be more appropriate to set up a mirosopi desription
1
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in terms of the elementary exitations of the spin-liquid state, whih an be frational
S = 1=2 spinons
5
or integer S = 1 triplons
6
. Their interplay with the doped holes
is expeted to be ruial for the understanding of the pairing mehanism. But a
quantitative theory is so far not in sight.
There is a dierent lass of systems whih are spin liquids already in the undoped
ase due to their lower dimensionality
7;8
, namely the uprate two-leg ladders. Two-
leg ladders have a nite spin gap
9 12
and the elementary exitations are triplons
with S = 1. The ground states of these ladders an be viewed as realizations of the
so-alled resonane valene bond (RVB) state, a oherent superposition of singlet
dimers, proposed by Anderson for the two-dimensional uprates
1;13
. Thus, the physial
understanding of the uprate ladders as doped spin liquids is an important step to the
understanding of the two-dimensional uprates.
There has been deisive progress in the understanding of undoped uprate ladders
both in theory
7;8;11;12;14;15 26
and in experiment
27 37
. It is found that a mirosopi
modeling of the magneti degrees of freedom has to inlude a four-spin interation
besides the usual nearest-neighbor Heisenberg exhange. The size of the four-spin
exhange in uprate ladders is determined to be about 20% of the leading nearest-
neighbour Heisenberg exhange
17;24;30 32
.
The present artile has two objetives. First, it reviews briey our urrent under-
standing of the undoped uprate ladders. Seond, it extends the results for two-triplon
bound states and spetral densities to the experimentally relevant model inluding the
four-spin ring exhange.
The artile is set up as follows. In Set. 2, we introdue the uprate ladder om-
pounds as well as the mirosopi model and we give a short overview of the reent
developments. Then we present a sketh of the method we use to desribe the two-
leg ladder system. In the sequel, the major properties of the two-leg ladder system
are explored in the parameter regime relevant for the uprate ladders. In Set. 4 the
spetral weights are disussed. Set. 5 desribes the energy properties, namely the
one-triplon dispersion, the energies of the two-triplon bound states and the positions
of the multi-triplon ontinua. The last two parts, Sets. 6 and 7, deal with important
spetral densities. The fous is laid on the dynami struture fator whih is relevant
for inelasti neutron sattering (INS). A short summary of inelasti light sattering,
i.e., Raman spetrosopy, and infrared absorption (IR absorption) is also provided.
Finally, the artile is summarized and onluded in Set. 8
2. Cuprate Ladders and the Mirosopi Model
2.1. Materials
Realizations of two-leg ladders are established in SrCu
2
O
3
(Sr123)
38;39
and
A
14
Cu
24
O
41
(A14) with A=fSr,Ca,Lag
40;41
ompounds. The fundamental building
blok in both ompounds are edge-sharing opper-oxide plaquettes where adjaent
opper ions are linked linearly to one another by interalated oxygen ions. In A14
orner-sharing plaquettes our also; they give rise to spin hains. But the orrespond-
ing energy sale is muh lower and we do not fous on them here. Sr
0:4
Ca
13:6
Cu
24
O
41
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beomes superonduting for high pressure
39
enhaning the interest in this lass of
ompounds in partiular.
SrCu
2
O
3
is the prototype of a system of weakly oupled Cu
2
O
3
spin-ladders. The
relevant orbitals of the opper atoms are the planar d
x
2
 y
2
orbitals. The superexhange
runs via the p
x
or p
y
orbitals of the intermediate oxygen
42
. The interladder oupling is
signiantly smaller beause the superexhange via a Cu-O-Cu path with a 90
Æ
angle
is redued due to the vanishing overlap of the orbitals
42 44
. In addition, the interladder
oupling is frustrated beause the spin on one ladder is oupled equally to two adjaent
spins on the neighboring ladder, whih themselves are oupled antiferromagnetially,
see the topview of a plane of ladders on the right side in Fig. 1. The disadvantage of
SrCu
2
O
3
is that it has to be grown under very high pressure so that only small single
rystals or polyrystals are available
45
. This hampers the momentum resolution and
the ounting statistis of sattering experiments, in partiular of neutron sattering
investigations.
The seond lass of ompounds are the so-alled telephone-number ompounds
A
14
Cu
24
O
41
with A=fSr,Ca,Lag, see left panel in Fig. 1
46
. Two sorts of planes our.
One sort of planes onsists of two-leg Cu
2
O
3
ladders as desribed in the last para-
graph. The other sort onsists of orner-sharing CuO
2
hains. Both one-dimensional
strutures, ladders and hains, respetively, are oriented along the -axis. The two
sorts of planes are illustrated on the right hand side of Fig. 1. It is instrutive to
write A
14
Cu
24
O
41
= (A
2
Cu
2
O
3
)
7
(CuO
2
)
10
in order to emphasize the existene of
two strutures. This formula assumes a ommensurate ratio of seven rungs in the
ladders mathing ten opper sites in the hains. But a loser investigation reveals
that this is only an approximation; the ratio is in fat inommensurate, see e.g. Ref.
47 and referenes therein.
Ladders and hains form two-dimensional layers whih are staked in b-diretion in
alternation with A2 fSr, Ca, La g layers, see left panel in Fig. 1. Large single rystals
of A14 an be grown fairly easily so that inelasti neutron sattering investigations of
high resolution are possible.
The distane between two opper atoms is roughly the same in rung and in leg
diretion. The typial order of magnitude of the nearest-neighbor Heisenberg oupling
is 1000 K. It is similar to the one in the two-dimensional uprates forming square
latties
27;48
. The oupling between two opper atoms on neighboring ladders is weakly
ferromagneti due to the bonding angle of 90
Æ
.
42;44
The nearest-neighbor exhange
oupling in the hains is mediated via two symmetri Cu-O-Cu bonds with about 90
Æ
bonding angle implying a weakly ferromagneti oupling. Its typial value is an order of
magnitude smaller than the ouplings in the ladders
27
. The dierene in energy sales
makes it possible to study the behavior of both substrutures, ladders and hains,
separately.
Two telephone number ompounds, namely Sr
14
Cu
24
O
41
(Sr14)
and La
6
Ca
8
Cu
24
O
41
(La6Ca8) are the fous of this work. The system Sr14 is in-
trinsially doped with 6 holes per unit ell. Using X-ray absorption spetrosopy, it is
possible to onlude that there are on average 0.8 holes in the ladders and 5.2 holes
in the hains
29
whih an be explained by a higher eletronegativity in the hains
49
.
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Fig. 1: (olor online) Shemati view of the telephone number ompound A14. The
left panel is a three-dimensional view in the layered material. There are planes of ladder
strutures (plane at the bottom, in the middle and at the top), of hain struture (the
third and the seventh plane) and the planes ontaining the A ations. The top views
of the ladder plane (Cu
2
O
3
) and of the hain plane (CuO
2
) are shown in the panels
on the right side.
It is possible to substitute Sr
2+
by isovalent Ca
2+
or by trivalent La
3+
or Y
3+
.
The substitution by La
3+
redues the number of holes in the system. The limiting
ase of an undoped sample is reahed by the (formal) ompound La6Ca8. So far,
rystal growth has not been able to realize La6Ca8. But there exist rystals up to
La
5:2
Ca
8:8
Cu
24
O
41
whih an already be viewed as (almost) undoped samples
33;36
.
2.2. Minimal Mirosopi Model
We want to fous here on spin isotropi models whih do not ontain anisotropies. This
fous is justied by the fat that the anisotropies in uprate systems are generially
very small relative to the dominant spin isotropi exhange ouplings along linear
Cu-O-Cu bonds. Most often, Heisenberg exhange ouplings are onsidered in the
desription of the magneti properties of insulating eletroni systems. It has been
realized early by Dira
50
and it was later introdued in ondensed matter physis by
Thouless
51
that the general expression for the exhange Hamiltonian reads
H
ex
=
1∑
n=2
∑

n
J

n
( 1)
P

n


n
; (1)
where 

n
denotes a permutation operator of the loalized spins. The sum runs over
all permutations labelled by 
n
of n spins. P

n
is the parity of the permutation 

n
.
From the physis point of view, these permutations orrespond to the exhange of n
April 20, 2018 10:45 WSPC/INSTRUCTION FILE review-ks4-gu3
Spetral Properties of Magneti Exitations in Cuprate Two-Leg Ladder Systems 5
spins. The rst term represents the well-known two-partile exhange whih is usually
the dominant ontribution.
The importane of the exhange proesses with more than two partiles was real-
ized rst in the desription of the magnetism of solid
3
He
52
. In
3
He, the two-partile
exhange is small due to a hardore repulsion of the atoms leading to steri bloking.
Thus, higher ring exhange proesses are important.
The situation in uprate systems is dierent to solid
3
He beause the dominant
exhange is the nearest-neighbor Heisenberg exhange. Moreover, the typial geome-
tries onsist of square plaquettes so that the lowest order ring exhange omprises four
spins. To be preise, we denote the Hamiltonian of the two-leg ladder with additional
four-spin ring exhange by
H
p
=
J
p
?
2
∑
i

1;i ;2;i
+
J
p
k
2
∑
;i

;i ;;i+1
+H
p
y
(2)
H
p
y
=
J
p
y
4
∑
<
~
i
~
j
~
k
~
l>
(

~
i
~
j
~
k
~
l
+
 1
~
i
~
j
~
k
~
l
)
:
Here 
~
i ;
~
j
is the permutation operator of two-partiles,  2 f1; 2g labels the legs and i
the rungs. The omposite index
~
i = (i ; ) ombines the leg and the rung information.
Then the permutation operator of four spins is 
~
i
~
j
~
k
~
l
where <
~
i
~
j
~
k
~
l > restrits the
sum to four spins on a plaquette. We use the subsript
y
from `yli' to indiate
quantities whih refer to ring exhange proesses.
It is onvenient to introdue spin operators and to rewrite (2) in terms of a Heisen-
berg model plus additional four-spin interations
17
H = J
?
∑
i
S
1;i
S
2;i
+ J
k
∑
;i
S
;i
S
;i+1
+H
y
(3)
H
y
= J
y
∑
plaquettes
[
(S
1;i
S
1;i+1
)(S
2;i
S
2;i+1
) + (S
1;i
S
2;i
)(S
1;i+1
S
2;i+1
)
 (S
1;i
S
2;i+1
)(S
1;i+1
S
2;i
)
]
:
Both Hamiltonians (Eq. 2 and Eq. 3) are the same up to two-spin interations along
the diagonal of the spin ladder. It is known that these ouplings are small (of the order
of 0:03J
?
53
) so that we restrit the disussion in the following to the Hamiltonian in
Eq. 3. Note that both Hamiltonians are in use in the literature. The relation between
the exhange parameters of both Hamiltonians reads
J
?
= J
p
?
+
1
2
J
p
y
(4)
J
k
= J
p
k
+
1
4
J
p
y
(5)
J
y
= J
p
y
: (6)
In agreement with the above general onsiderations, evidene for signiant ring
exhange proesses in high temperature superondutors has been found
54;55
very soon
after their disovery
56
. It was observed that the derivation of eetive spin models
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from the underlying Hubbard models implies that the most important orretions to
the nearest-neighbor Heisenberg exhange are four-spin ring exhange terms. This has
been substantiated in a sequene of papers onsidering either the three-band Hubbard
model
53;57;58
or the single-band Hubbard model
59 61
. The eets of the ring exhange
on the Raman response have been disussed very early
54;55;62
.
For planar uprates, a rst experimental indiation for the relevane of the four-
spin ring exhange was onjetured on the basis of the line shape of IR absorption
data
63
. An unambiguous experimental signature was found by INS in La
2
CuO
4
in
2001
48
. The spin-wave dispersion an be explained only by the inlusion of four-
spin interations. The Raman line shape also points towards a signiant four-spin
exhange oupling
64;65
. Reently, it was shown that the magneti exitations in the
stripe-ordered phase of La
1:875
Ba
0:125
CuO
4
are quantitatively desribed assuming 20%
ring exhange oupling
66
.
Indiations for four-spin interations in uprate ladders was found in 1999 by
INS
17;30;31
for La6Ca8. The ts of the experimentally measured one-triplon disper-
sion by the results for the standard Heisenberg model yielded J
k
=J
?
 2 where J
k
is
the oupling along the legs and J
?
the one along the rungs of the ladder. The very
large deviation of this ratio from unity appears astounding in view of the geometrial
struture of the uprate ladders whih is fairly isotropi. The inlusion of the four-spin
ring exhange an resolve this disrepany. But the INS data is not preise enough at
higher energies to determine the value for the four-spin interation quantitatively.
The interation with light provides a onvenient way to obtain information on
energetially higher lying exitations
18;33
. In partiular, bound states an be deteted.
The information on these exitations in turn makes a quantitative determination of
the ring exhange oupling possible
24;67
. For La6Ca8 it was found that J
y
 (0:2 
0:25)J
?
, J
k
=J
?
 1:2 1:3, and J
?
= 1000 1200m
 1
yields a onsistent desription
of the available exerimental data
24
. Thus the Hamiltonian (2) or the Hamiltonian (3)
onstitute the minimal model for the physis of undoped uprate ladders.
The analysis of the shape of Raman lines is another means to determine the
parameters of the minimal model
68;22
. It reveals that the exhange ouplings in Sr14
35
and Sr123
37
dier slightly from those in La6Ca8. Both Sr14 and Sr123 are desribed
by x := J
k
=J
?
 1:4  1:5 and x
y
:= J
y
=J
?
 0:2  0:25
69
. The values for Sr14
are onsistent with those for IR absorption data for this ompound
70;71
.
In the preeding paragraphs, we have foussed on the progress in the experimental
analysis. In parallel, there has been important progress in the theoretial understanding
of spin ladders. The single-triplon properties were eluidated early
7;8;72
. The low-
lying spetrum in the limit of two oupled hains (J
?
 J
k
) has been analyzed by
bosonization
11
. Without ring exhange the spin gap  vanishes linearly with J
?
whih
is onrmed also by quantum Monte Carlo
12
. Furthermore, the bosoni eld theory
predits a singlet state between the triplon state and the ontinuum.
The opposite limit (J
?
 J
k
) is the loal limit of the system whih is also gapped
7
.
Combined with the eld theoreti and the QMC results we know that no phase
transition takes plae for 0 < x < 1. Moreover, inspetion of the interation of
two triplons in the limit x ! 0 reveals that they attrat eah other so that bound
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states our
14 16;73
. The most tightly bound state is always found in the S = 0
setor
14;15;18;73
. Important progress in high order series expansion for multi-partile
states
19;21;74 78
made it possible to follow these bound states to the isotropi regime
J
?
 J
k
. Besides the energies of the bound states also two-triplon spetral densities
an now be omputed by this approah
20;22;79
.
For theoretial ompleteness, the phase diagram was investigated for all possible
ratios of the oupling onstants. If the four-spin interation is strongly inreased the
gap in the spin ladder vanishes at a ritial value
80
. Beyond this value, the harater of
the phase hanges. The ground-state is no longer the so-alled rung-singlet phase
26;81
whih is dominated by singlets on the rungs and whih is smoothly onneted to the
phase of isolated rungs. The phase for stronger four-spin interation is haraterized
by a staggered dimerization on the legs of the ladder
80;82 86
. Apart from these two
phases, a variety of other phases an be reahed for other ratios of J
y
and J
?
= J
k
inluding negative values
26;81;87;88
. We do not disuss the phases other than the rung-
singlet phase in more detail beause the generi experimental systems known so far
provide spin ladders in the range of the rung-singlet phase only. In view of the ample
theoretial results for phases beyond the rung-singlet phase it would be exiting if
experimental realizations for suh phases ould be found.
3. Method
In this part, the essential points onerning the ontinuous unitary transformations
(CUTs) are disussed
75;89 91
. Here we use a partile-onserving perturbative
CUT
77;78;92
whih uses the states on isolated rungs as referene. The Hamiltonian of
a spin ladder inluding additional four-spin interation (Eq. 3) is re-expressed by
H(x)
J
?
= H
?
+ xH
k
+ x
y
H
y
(7)
with x = J
k
=J
?
and x
y
= J
y
=J
?
as perturbation parameters.
The CUT is dened by

l
H(l) = [(l); H(l)℄ (8)
to transform H(l = 0) = H from its initial form (7) to an eetive Hamiltonian
H
e
:= H(l = 1) whih onserves the number of elementary triplet exitations on
the rungs, the so-alled triplons
6
. Formally, the onservation of triplons is expressed
by 0 = [H
?
; H
e
℄. An appropriate hoie of the innitesimal generator  is given by
the matrix elements

i ;j
(l) = sgn (q
i
  q
j
)H
i ;j
(l) (9)
in an eigen basis of H
?
; the q
i
are the orresponding eigen values
75
.
The perturbative realiziation of the CUT provides a series expansion for the various
parts of the eetive Hamiltonian: the one-triplon hopping amplitudes and the triplon-
triplon interation. We have alulated the hopping amplitudes up to order 11 and the
triplon-triplon interation up to order 10 in x and x
y
. Sine the expansion is done
in the ouplings whih link the rungs eah additional order inrements the range of
April 20, 2018 10:45 WSPC/INSTRUCTION FILE review-ks4-gu3
8 Kai P. Shmidt and Gotz S. Uhrig
the proesses whih an be aptured. So the order haraterizes approximately up to
whih range proesses are inluded in the alulation. The range is measured in units
of the lattie onstant along the legs.
Next, the observables of interest in the ladder system have to be evaluated in
order to determine the spetral properties of the two-leg ladder. The observables O
are transformed by the same CUT

l
O(l) = [(l);O(l)℄ : (10)
The four loal operators onsidered are
O
I
(r) = S
1;r
S
2;r
= T
I
0
(11)
O
II
l
(r) = S
l ;r
S
l ;r+1
(12)
=
1
4
(
T
 2
+ T
0
+ T
2
+ T
II
 1
+ T
II
1
)
O
III
(r) = S
z
1;r
  S
z
2;r
= T
III
 1
+ T
III
1
(13)
O
IV
(r) = S
z
1;r
+ S
z
2;r
= T
IV
0
: (14)
Here T
n
are loal operators hanging the triplon number by n. The expliit ation
of these operators is given elsewhere
78
. The index l = 1; 2 in Eq. 12 denotes the
leg on whih the observable operates. In ontrast to the triplon-onserving eetive
Hamiltonian H
e
, the eetive observables also exite or annihilate triplons. The parts
requiring that an exitation is present before the appliation of the observable do
not matter at zero temperature. We have alulated those parts of the eetive
observables whih orrespond to the reation and annihilation of one and two triplons
up to order 10. The part reating three triplons is determined up to order 8 and the
four-triplon parts up to order 7 in x and x
y
.
As it is ommon in physis the symmetry properties of the injeted triplons play an
important role. Here we disuss spin and parity. The rst two observables O
I
and O
II
exite triplons with total spin zero. Thus they are relevant for optial experiments like
Raman sattering and IR absorption. The latter two observables injet triplons with
total spin one. They are important to study the dynami struture fator relevant for
INS experiments.
The parity whih is onserved in this ladder system is dened for the reetion P
about the enter-line of the ladder, see Fig. 2. If jni denotes a state where n rung
singlets are exited to triplons while all other rungs remain in their singlet state one
nds Pjni = ( 1)
n
jni, see also aption of Fig. 2. The state jni is a linear ombination
of many n-triplon states. So no generality is lost in writing
O
e
j0i =
∑
n0
jni : (15)
The parity with respet to P of the observables introdued in Eqs. 11-14 is lear from
their denition: O
III
is odd while O
I
and O
IV
are even. The symmetrized observable
O
II
= (O
II
1
+ O
II
2
)=2 is equally even. The parity is onserved in the CUT so that P
applied to both sides of Eq. (15) requires
O
e
j0i =
{ ∑
n
j2ni; O
e
even∑
n
j2n + 1i; O
e
odd
: (16)
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Fig. 2: The operator P reets about the depited axis. A single singlet on a rung
is odd; a triplet on a rung is even with respet to P. The ation of P on the rung-
singlet ground state is dened to be of even parity Pj0i = j0i, i.e. we assume an even
number of rungs. If one singlet is substituted by a triplon in the triplon vauum j0i,
the resulting state j1i is odd: Pj1i =  j1i.
An even (odd) parity of O
e
implies that O
e
injets an even (odd) number of triplons
into the system. The importane of these symmetries will be disussed in more detail
in Sets. 6 and 7 where the experimentally relevant results are presented.
The series for the eetive Hamiltonian and for the eetive observables have to
be extrapolated in order to obtain reliable results desribing the regime of uprate
ladders. The extrapolation is performed using the one-triplon spin gap  as internal
parameter
85;92;93
. Usually a standard [n; 2℄ dlog-Pade extrapolant or a [n; 2℄ Pade
extrapolant is used for the series expressed in . The ahieved range of reliability
depends on the quantity under study. The spin gap an be omputed down to its
zero. The matrix elements of the interation are more diÆult to extrapolate. For
very low values of x
y
the ratio x an be taken up to 1.5. For x
y
around 0:2 the
value of x should not exeed 1.2 to 1.4.
4. Spetral Weights
The analysis of the spetral weights helps to determine the quality of the desription in
terms of a small number of triplons. The hosen desription works well, if the weight
resides mainly in a small number of hannels with a small number of triplons . If,
however, the weight is distributed over a large number of hannels the desription is
less well adapted to the problem. The fous is laid here on the spetral weights for
realisti values of the four-spin interation.
4.1. S = 1
First, the spetral weights for exitations with total spin S = 1 are disussed. The
loal observable onsidered is the ombination of Eq. 13 and Eq. 14
O
S=1
(r) =
1
2
(O
III
(r) +O
IV
(r)) : (17)
This ombination orresponds to the spin operator ating on the spin on leg 1. The
spetral weights were alulated up to order 10 in the one- and two-triplon hannel,
up to order 9 in the three-triplon hannel. The total spetral weight I
tot
is equal to
1/4 for S = 1 beause (S
z
)
2
= 1=4.
In Fig. 3a the relative spetral weights I
N;rel
are shown for x
y
= 0 (blak solid
lines), x
y
= 0:1 ((blue) dashed lines) and x
y
= 0:2 (gray (green) dotted lines) and
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Fig. 3: (olor online) (a) Relative weights I
N;rel
:= I
N
=I
tot
for the S = 1 operator
1
2
(O
III
(r) + O
IV
(r)) (Eq. 13 and Eq. 14). The I
N
are alulated up to and inluding
order 10, 10, and 9 in x for N =1, 2, and 3, respetively. The total intensity I
tot
=∑
1
N=1
I
N
is rigorosly equal to 1/4. I
sum
= (I
1
+ I
2
+ I
3
)=I
tot
= I
1;rel
+ I
2;rel
+ I
3;rel
denotes the sum of all plotted ontributions; it is to be ompared to unity. (b) Relative
weights for the S = 0 operator S
1;i
S
1;i+1
(Eq. 12). The I
N
are alulated up to and
inluding order 10, 8, and 7 in x for N =2, 3, and 4, respetively. The total intensity
I
tot
has been extrated from the 11
th
order result for the ground state energy per
spin. I
sum
= (I
2
+ I
3
+ I
4
)=I
tot
= I
2;rel
+ I
3;rel
+ I
4;rel
denotes the sum of all plotted
ontributions.
N 2 f1; 2; 3g. In addition, the sum of all plotted relative weights I
sum
= (I
1
+ I
2
+
I
3
)=I
tot
is depited. The sum is very lose to unity. Hene ontributions with more
than three triplons only have negligible weight in the parameter regime displayed.
The three-triplon setor is extrapolated by a [5; 0℄ dlog-Pade extrapolant beause
other extrapolants are spoiled by spurious poles. We presume that the depited ex-
trapolant of the three-triplon weight is aeted by the viinity of suh poles so that
it overshoots for larger values of x . This onlusion is supported by the observation
that the sum of all plotted relative weights overshoots in the same fashion as the
three-triplon weight inreases for inreasing x . The extrapolations of the one- and
two-triplon setor are very stable so that it is unlikely that they indue the violation
of the sum rule for large x .
The general tendeny on inreasing the four-spin interations is the redution
of the one-triplon weight and the inrease of the weights for two and three triplons.
Extrapolating the one-triplon spetral weight by dlogPade extrapolants, one reognizes
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poles whih indiate that the one-triplon weight vanishes at the phase transition
85
. The
analysis of I
2
in the viinity of the phase transition indiates that it stays nite at an
approximate value of 25% . So the larger part of the weight must have been transferred
to hannels with three and more triplons. We onlude that the desription in terms
of rung triplons beomes inappropriate on approahing the phase transition to the
staggered dimerized phase
80;83 86
. For omparison, we mention that the desription
in terms of triplons on dimers for dimerized and frustrated spin hains appears to be
muh more robust
6;94
.
Fig. 3a shows that for realisti values of the four-spin interation the one- and the
two-triplon setor ontain by far most of the spetral weight. Therefore, the dynami
struture fator for these two hannels provides an almost omplete desription of
INS experiments on uprate ladders. The orresponding alulation is presented in
Set. 6.
4.2. S=0
For the S = 0 ase, the loal observable O
II
e
in Eq. 12 is onsidered. The total
spetral weight I
tot
(x) is alulated reliably from the ground state energy per spin

0
(x)
78
.
In Fig. 3b the relative spetral weights I
N;rel
are shown for x
y
= 0 (blak solid
lines), x
y
= 0:1 ((blue) dashed lines) and x
y
= 0:2 (gray (green) dotted lines) and
N 2 f2; 3; 4g. In addition, the sum I
sum
= (I
2
+ I
3
+ I
4
)=I
tot
of all plotted relative
weights is depited. The sum rule is fullled quantitatively for all values of x
y
depited
in Fig. 3b.
Sine a triplon has S = 1 there an be no one-triplon ontribution I
1
to the S = 0
response. The I
2
ontribution is the leading one. Similar to the S = 1 ase, the leading
ontribution loses spetral weight upon swithing on x
y
. Simultaneously, triplon se-
tors with more than two triplons gain spetral weight. The two-triplon setor ontains
only about 50% of the spetral weight for realisti parameters (x
y
 0:2; x ' 1).
This means that there are sizable ontributions from hannels with more than two
triplons. This is seen in optial experiments
95
where three-triplon ontributions are im-
portant. In addition, the four-triplon setor matters also, giving rise to nite life-times
(see disussion below for Fig. 4).
In summary, the analysis of the spetral weights shows that the desription where
rung triplons are taken as quasi-partiles works very well. In the regime of parameters
whih matter for uprate ladders, the setors with low numbers of triplons apture
the essential physis. Setors with more triplons play a ertain, but minor, role.
5. Energy Properties
The purpose of this setion is to illustrate the energeti properties of the two-leg
ladder with four-spin interation in the rung-singlet phase. The inuene of the four-
spin interations on the relevant energies is investigated. The fous is laid on the
one-triplon dispersion, on the energies of the two-triplon bound states and on the
position of the multi-triplon ontinua. In Fig. 4 the most relevant energies are shown
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Fig. 4: (olor online) Dispersions and multi-triplon energies of the two-leg ladder for
x = 1. The ring exhange is zero in panels (a) and (b) while it is x
y
= 0:2 in panels
() and (d). One- and three-triplon energies are shown in the left panels while two- and
four-triplon energies are depited in the right panels. Reall that the setors of even
and of odd number of triplons do not ouple. The gray (yan) solid lines orrespond
to the lower and to the upper band edge of the multi-triplon ontinua inluding two-
triplon binding eets. The dashed gray (yan) lines denote the lower band edges of
these ontinua negleting two-triplon binding.
for x = 1 with x
y
= 0 and x
y
= 0:2. The results found are qualitatively generi for
x = 1:0  1:5 and x
y
= 0  0:25.
5.1. One-Triplon Dispersion
The one-triplon dispersion an be alulated by very many tehniques ranging from
exat diagonalization over density matrix renormalization and quantum Monte Carlo
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to diagrammati tehniques and series expansions, see e.g. Ref. 7. For onsisteny
we show and disuss the series expansion results here. In the left panel of Fig. 4, the
one-triplon dispersion is shown for x = 1 with x
y
= 0 (upper panels) and x
y
= 0:2
(lower panels). The one-triplon dispersion diplays a global minimum at k =  whih
denes the one-triplon gap . Additionally, a loal minimum exists at k = 0. This
minimum an be understood as a rossover property to the physis of spin-hains
where the dispersion at k = 0 and at k =  are degenerate for the innite system.
It is aused by level repulsion between the one-triplon state and the three-triplon
ontinuum whih approahes the one-triplon state more and more as x ! 1. The
three-triplon ontinuum is displayed as gray (yan) lines in the left panels of Fig. 4.
The main eet of the four-spin interation is a global shift of the one-triplon
dispersion to lower energies. The overall shape of the dispersion is almost unhanged.
The gap is redued onsiderably by about a fator of 2 for x
y
= 0:2. This property
in partiular explains the importane of the four-spin interation for a quantitative
desription of uprate ladders.
5.2. Two-Triplon Continuum and Bound States
Regarding two-triplon energies not only the one-partile kinetis of the two triplons but
also the two-triplon interation is important
19;20;78
. Generally, one has a two-triplon
ontinuum and two-triplon bound states for a given total momentum. The two-triplon
energies are shown as blak lines in the right panels of Fig. 4.
There are two regimes. For small momenta k < 0:35, bound states are absent
and a wide two-triplon ontinuum is present. For larger momenta k > 0:35 and
x
y
= 0, there are two bound states below the two-triplon ontinuum. There is one
bound state with total spin S = 1 and one with total spin S = 0. The binding energy
of the S = 0 bound state is by a fator 2 to 4 larger than the binding energy of the
S = 1 bound state whih is expeted in an antiferromagnet. The dispersion of both
bound states has a maximum at k  0:5 and a minimum at k = .
Sine a nite four-spin exhange shifts the one-triplon dispersion to lower energies,
also the two-triplon energies are shifted globally to lower energies. The shape of the
lower and the upper edge of the two-triplon ontinuum remains almost unhanged
by the four-spin exhange beause the band edges are solely determined by the one-
triplon dispersion.
The eet of the four-spin interation on the binding energy of the two-triplon
bound states (blak dashed lines in Fig. 4) is most interesting. The four-spin intera-
tion redues the attrative interation between the triplons. Thus the binding energy
of the bound states is redued upon inreasing x
y
24
. This eet is present for total
spin S = 0 and for total spin S = 1. The eet is more pronouned in the S = 1 ase
beause the S = 1 two-triplon bound state is less tightly bound. As a onsequene,
the S = 1 bound state is absent for x
y
= 0:2. The disappearene of the S = 1 bound
state has interesting eets on the spetral line shape of the two-triplon ontribution
to the dynami struture fator whih will be disussed in Set. 6.
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5.3. Multi-Triplon Continua
Next the relative positions of the multi-triplon ontinua are investigated. The determi-
nation of the multi-triplon band edges in ombination with the multi-triplon spetral
weights (see Set. 4) is important to estimate possible life-time eets whih are ne-
gleted in the extrapolation proedure. Reall that the generator (9) orders the states
aording to their number of triplons. This works perfetly if the energy of a state
with n+2 triplons has a higher energy than all states with n or less triplons
75;96
. But
this is not always ase, see e.g. Fig. 4. If the orrelation between triplon number and
energy is not valid the state with less triplons an deay into the state with more
triplons. This hybridization implies an additional broadening of the spetral densities.
It an be viewed as a nite life-time eet. In this regime, the perturbative CUT based
on the generator (9) works only approximately. The life-time eets are negleted.
For simpliity, the n-triplon interations with n > 2 (Ref. 77) are not inluded in
the alulation of the band edges. They are expeted to be very small
97
.
The redution of the one-triplon gap  by the four-spin interation brings all multi-
triplon ontinua loser together in energy. The lower band edge of the three-triplon
ontinuum is very lose to the one-triplon dispersion for k 2 [0; 0:4℄ (left panels).
The value for the edge of the three-triplon ontinuum at k = 0 is the sum of the
one-triplon gap and the S = 0 two-triplon bound state energy at k = .
The situation for two and four triplons is depited in the right panels of Fig. 4.
Both ontinua overlap strongly for both parameter sets. The overlap of the two-
and four-triplon ontinuum is independent of the total spin. This is so beause the
minimum four-triplon energy is always a sum of either two times a sattering state of
two triplons or the sum of a two-triplon bound state with S = 0 and a sattering state
of two triplons. But the total spetral weight in the four-triplon hannel with S = 1
is smaller than the one with S = 0 and the resulting life-time eets are expeted to
be smaller for S = 1. Possible eets of the negleted proesses are disussed later
in the setions dealing with spetral densities and with the interpretation of optial
experiments.
6. Dynami Struture Fator
This part deals with the dynami struture fator of the two-leg spin ladder with four-
spin interation. Results for the one- and the two-triplon ontribution whih apture
most of the spetral weight (see Set. 4) are shown. The obtained spetral densities
are diretly relevant for INS experiments.
In the disussion of the parity as dened in Set. 3, we found that the observable
O
III
has an odd parity while the observableO
IV
has an even parity. Thus, the observable
O
III
exites only an odd number of triplons and the observable O
IV
exites an even
number of triplons. It follows that the by far most important one- and two-triplon
ontributions an be measured independently by INS beause the two ontributions
have a dierent parity. In partiular, the two-triplon ontribution should be aessible
by experiment beause it is the leading ontribution with an even parity.
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Fig. 5: (olor online) The one-triplon spetral density I
1
(k) for O
III
is shown for (a)
x
y
= 0 and various values of x = f0:25; 0:5; 0:75; 1:0g and for (b) x = 1 and various
values of x
y
= f0; 0:1; 0:2g.
6.1. One-Triplon Contribution
The most important ontribution to the dynami struture fator is the one-triplon
ontribution. The spetral weight aumulates around k = . Upon inreasing x , the
spetral weight dereases for small momenta and onentrates more and more at
k =  as illustrated in Fig. 5a.
The eet of the four-spin interation on the one-triplon spetral weight is ex-
emplied in Fig. 5b for x = 1 with x
y
= 0 (solid blak line), x
y
= 0:1 (dashed
(blue) line) and x
y
= 0:2 (dotted gray (green) line). It an be seen learly in Fig.
5b that the eet of x
y
on the k-resolved one-triplon spetral weight is similar to
the eet of x . The spetral weight is redued at small momenta but it inreases
around k = . These ndings suggest that the one-triplon spetral weight lose to
the phase transition to the out-of-phase dimerization is governed by the physis at
k = . Similar results were also found by exat diagonalisation
23
.
6.2. Two-Triplon Contribution
The two-triplon ontribution to the dynami struture fator is the leading part with
even parity. Its total spetral weight inreases slightly by turning on x
y
(see Set. 4).
The generi relative spetral weight is about 20% to 30% of the leading one-triplon
ontribution for realisti values of uprate ladders.
In Fig. 6 the result for the two-triplon ontribution to the dynami struture fator
is shown for x = 1 and x
y
= 0 (a), x
y
= 0:1 (b) and x
y
= 0:2 (). As disussed in
Set. 5.2 the four-spin ring interation has a strong inuene on the S = 1 two-triplon
bound state. The attrative interation is lowered by the four-spin interation whih
indues interesting hanges in the line shape of the two-triplon spetral density.
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Fig. 6: (olor online) The two-triplon spetral density I
2
(k; !) for O
IV
with x = 1:0
and x
y
= 0:0 (a), x
y
= 0:1 (b) and x
y
= 0:2 (). The gray (yan) lines denote the
lower and the upper edge of the two-triplon ontinuum. The blak lines indiate the
dispersion of the S = 1 two-triplon bound state. The long-dashed dark lines depit
the lower edge of the S = 1 four-triplon ontinuum.
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Fig. 7: (olor online) The S = 1 two-triplon bound state energy and the spetral
weight for x = 1:0 with (a) x
y
= 0 and with (b) x
y
= 0:1. Left panels: The
gray (yan) line denotes the lower edge of the two-triplon ontinuum and the blak
line depits the dispersion of the S = 1 two-triplon bound state. Right panels: The
momentum-resolved spetral weight of the S = 1 two-triplon bound state is shown.
The dispersion of the S = 1 two-triplon bound state is denoted as a solid blak
line in Fig. 6 and in the left panels of Fig. 7. In the right panels of the latter gure
the k-resolved spetral weight of the bound state is depited. On inreasing x
y
, the
binding energy and the spetral weight of the bound state is redued. At x
y
= 0:2,
the S = 1 two-triplon bound state has disappeared beause the overall attrative
interation has beome too small. This nding makes a lear and diretly veriable
predition for the results of future INS investigations. While a spin ladder without ring
exhange shows a bound state also in the S = 1 hannel
20
, the spin ladder with ring
exhange x
y
= 0:2 does not.
The redution of the binding energy of the two-triplon bound state results in a
sharpening of the two-triplon spetral density at the lower band edge. The eet is
most prominent near k = . At the value of x
y
where the bound state is degenerate
with the lower edge of the two-triplon ontinuum, the spetral density displays an
inverse square root divergene. This orresponds qualitatively to our ndings for the
dimerized and frustrated spin-hain at ertain values of the exhange ouplings
94
. At
x
y
= 0:2, where the two-triplon bound state has already dissolved in the two-triplon
ontinuum, the very sharp strutures near the lower band edge are the remaining
signature of this divergene.
The lower band edge of the S = 1 four-triplon ontinuum is depited by long
dashed lines in Fig. 6. It an be seen that the overlap of the two-triplon and the four-
triplon ontinuum inreases with inreasing four-spin interation. Possible life-time
eets are expeted to be of minor importane beause the spetral weight of the
four-triplon ontinuum inreases only very slowly like I
4
(!) / (!)
13=2
at the lower
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band edge
97
where ! measures the distane to the band edge. This extremely slow
inrease results from the hardore repulsion of the triplons whih makes them behave
like fermions at low energies beause the system is one-dimensional.
7. Optial Experiments
In this setion, two-triplon spetral densities with total spin S = 0 are analyzed. The
eet of the four-spin interation on the energy spetrum was already disussed in
Set. 5.2. In ontrast to the S = 1 ase studied in the last setion, the S = 0 two-
triplon bound state is present also for x
y
= 0:2 in the range of parameters onsidered
here. Thus, the impat of the four-spin interation on the line shape of the two-triplon
spetral density is less pronouned than in the S = 1 ase.
In the sequel, the omplete two-triplon ontribution is disussed fousing on x = 1.
The general trends are the same for other values of x . The seond and the third part
deal with the two-triplon ontribution to Raman lines and IR absorption. In all parts,
results are presented for the observable O
I
ating on the rungs and for the observable
O
II
ating on the legs of the spin ladder.
7.1. Two-Triplon Contribution
The two-triplon ontribution omprises most of the spetral weight in the S = 0 setor
(see Set. 4). Nevertheless, the three- and four-triplon spetral weights are sizable for
x  1 and espeially for nite x
y
. The latter ontributions have to be kept in mind
when omparing the results to experimental data and in estimating possible negleted
life-time eets. Reall that the observable O
I
has only ontributions with an even
number of triplons while the observable O
II
inludes ontributions of odd and even
number of triplons.
In Fig. 8 results for x = 1 with x
y
= 0:0 (a) and x
y
= 0:2 (b) are shown. The
upper panels depit the ndings for O
I
and the lower panels depit the results obtained
for O
II
. Detailed information about the S = 0 two-triplon bound state dispersion and
its k-resolved spetral weight is presented in Fig. 9. The rst eet to note is that
the overall line shape of the two-triplon spetral density hardly hanges in the S = 0
ase when the four-spin interation is swithed on. As in the S = 1 setor, there is a
global shift to lower energies at nite x
y
resulting from the hange of the one-triplon
dispersion.
Both observables yield the same line shape for k = 0 and x
y
= 0
68;22
. This
symmetry holds only at k = 0; it is broken for nite x
y
. Nevertheless, even at
x
y
= 0:2 the line shape for both observables is very similar for small momenta. A
more detailed disussion of the k = 0 ontribution will be given in the next subsetion
about Raman sattering. For large momenta, however, the responses for the two
observables dier.
The next important eet of the four-spin interation besides the global shift to
lower energies is the derease of the binding energy near k = . The loss of binding
energy an be seen learly in Fig. 9. This eet is aompanied by a redution of
spetral weight of the bound state near k = , see right panels of Fig. 9. The
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Fig. 8: (olor online) Two-triplon spetral density I
2
(k; !) with S = 0 at x = 1:0
with x
y
= 0:0 (a) and with x
y
= 0:2 (b). The upper panels orrespond to O
I
and
the lower panels to O
II
. The gray (yan) lines denote the lower and the upper edge
of the two-triplon ontinuum. The blak (blue) lines indiate the dispersion of the
S = 0 two-triplon bound state. Long-dashed lines depit the lower edge of the S = 0
four-triplon ontinuum.
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Fig. 9: (olor online) Energy and spetral weight of the two-triplon S = 0 bound states
for x = 1:0 with x
y
= 0:0 (upper panel) and x = 1:0 with x
y
= 0:2 (lower panel).
Left panels: The solid gray (yan) line denotes the lower edge of the two-triplon
ontinuum and the solid blak line depits the dispersion of the S = 0 two-triplon
bound state. Right panels: The momentum-resolved spetral weight of the S = 0
two-triplon bound state is plotted as measured by O
I
(solid line) and by O
II
(dashed
line).
spetral weight is transferred to the two-triplon ontinuum whih beomes sharper on
inreasing x
y
.
The blak long-dashed urve in Fig. 8 represents the lower band edge of the S = 0
four-triplon ontinuum. The overlap is slightly enhaned by the four-spin interations.
Note that the two-triplon bound state is loated below the four-triplon ontinuum for
all momenta so that no nite life-time eets appear for this part of the two-triplon
ontribution. Furthermore, the two-triplon ontribution displays only broad features for
large momenta and energies above the long dashed urve. Therefore life-time eets
will have only minor eets on this part of the spetrum beause a small additional
broadening will not hange muh.
7.2. Raman Spetrosopy
This subsetion deals with the two-triplon ontribution to the non-resonant Raman
response. The observables for magneti light sattering in rung-rung (leg-leg) polar-
ization are the k = 0 part of O
I
(O
II
)
22;25;68;69;98;99
. Here only a short summary of
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the most important results is given. The reader interested in further details is referred
to more speialized papers
22;25;69
.
Channels with an odd number of triplons are inaessible by Raman sattering due
to the invariane of the observables with respet to reetion about the enterline of
the ladder, see disussion on the parity in Set. 3. Thus only exitations with an even
number of triplons matter. The relevant ontributions to the Raman response ome
from the two-triplon and the four-triplon setor. The two-triplon ontribution is the
most important one, f. Set. 4.
The line shape does not depend on the observable for x
y
= 0 beause the Hamil-
tonian is a weighted sum of the two of them H = O
I
(k = 0) + xO
II
(k = 0) up to
a global fator
22;68
. Thus the exited state O
I
(k = 0)j0i equals  xO
II
(k = 0)j0i
exept for a omponent proportional to the ground state j0i whih does not represent
an exitation. The Raman response for x
y
= 0 is disussed in detail elsewhere
22;69
.
The line shape of O
I
(k = 0) and O
II
(k = 0) for nite x
y
is no longer the same.
We nd that the line shape of O
I
(k = 0) is almost unhanged by swithing on x
y
.
In ontrast, the line shape of O
II
(k = 0) hanges although the eet is not large.
The overall dierene between the line shapes in both polarizations remains small
for the realisti parameters disussed in this work. The next important eet of the
four-spin interation besides the global shift to lower frequenies is a sharpening of
the dominant two-triplon peak measured by O
II
(k = 0), i.e., in leg-leg polarization.
In addition, an almost onstant plateau is produed for freqenies smaller than the
two-triplon peak in this polarization.
7.3. IR absorption
In this setion a short disussion of phonon-assisted IR absorption of magneti exi-
tations is presented. The leading infrared-ative magneti absorption is a two-triplon-
plus-phonon proess
33;100;101
. Note that three- and four-triplon proesses ontribute
also to the IR absorption signal, depending on the exhange ouplings of the lad-
der, see Fig. 3b. As in the previous subsetion, we onentrate here on the most
important and generi features and we refer to other publiations for more detailed
disussions
24;33;36;95
.
The two-triplon spetral density I
2
(k; !) has to be integrated over all momenta
weighted by a phonon-spei form fator jf
ph
(k)j
2
. This yields the two-triplon part of
the IR absorption I
IR
2trp
. The preise form of the phonon form fator jf
ph
(k)j
2
depends
on the spei phonon involved
102
. Dierent phonons have dierent form fators so
that the sum of several ontributions has to be onsidered. But usually all relevant
phonon form fators are largest for large momenta at the zone boundary.
In leg polarization, three features are present in the experimental signals: two peaks
at lower energy and a broad hump at higher energies. At lower energy, the line shape
is dominated by the two-triplon S = 0 bound state as predited for small values of
x .
18
For x ' 0:5, the dispersion of the bound state displays a maximum at k  =2
and a minimum at k = , see Set. 5.2. Both give rise to van Hove singularities in
the density of states whih ause the peaks in I
IR
2trp
33
. The spetral weight of the
bound state has a maximum at k =  for O
II
, see Fig. 9. Thus both extrema, the
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minimum and the maximum, lead to peaks in the two-triplon ontribution in leg polar-
ization whih originate from the broadened inverse square root van Hove singularities
in one dimension. The intensity of the energetially lower peak is larger. The peaks
are more learly seen for larger values of x beause the dierene between maximum
and minimum of the two-triplon bound state dispersion inreases with inreasing x .
The third feature, the broad hump, originates from the two-triplon ontinuum and
from three-triplon ontributions
24;97
.
In rung polarization, the three features are also present but the intensity is dis-
tributed dierently. The spetral weight of the two-triplon bound state vanishes at
k =  (Fig. 9). Thus the energetially lowest van Hove singularity appears only as
low-energy shoulder. It beomes more pronouned for larger x values. The dominant
peak results from the van Hove singularity at k  =2 where the spetral weight is
nite. The broad hump indued by the two-triplon ontinuum is relatively more im-
portant in this polarization beause the two singularities at lower energies arry less
weight.
In leg polarization, hannels with both odd and even number of triplons on-
tribute. The analysis of the spetral weights, see Set. 4, has shown that the three-
triplon hannel ontributes signiantly. This was to be expeted from earlier DMRG
alulations
24
. Due to the reetion symmetry of the observable, ontributions with
odd parity are absent in rung polarization. Therefore, the next important orretion
is only the four-triplon ontribution whih arries little weight, see Set. 4. Moreover,
its line shape an be expeted to be rather featureless and broad, beause as many
as four partiles are involved so that momentum onservation does not have a very
important impat.
8. Summary and Conlusion
In this artile the spetral properties of magneti exitations in uprate two-leg lad-
der systems have been reviewed and extended to nite ring exhange. A quantitative
mirosopi desription omprises two-spin and four-spin interations. The undoped
uprate ladders are always in the rung-singlet phase, i.e. there is an adiabati onne-
tion to the state of isolated rung dimers. The elementary exitation is a triplon. The
exhange ouplings generially take the values x = J
k
=J
?
= 1:2  1:5, x
y
=J
?
 0:2
and J
?
= 1000  1200m
 1
.
The auray of the desription in terms of rung triplons in the regime relevant
for the uprate ladders was disussed by means of the spetral weights. It has been
found that the leading one- and two-triplon hannels ontain the dominant weight.
A sizable three-triplon ontribution is found for total spin S = 0. The one- and two-
triplon hannels dominate the physis for realisti values of the oupling onstants for
uprate ladders.
Various energies are important: the one-triplon dispersion, the energies of bound
states onsisting of two triplons and the positions of the multi-triplon ontinua. The
main eet of the four-spin interation is a global red shift to lower energies. As
a onsequene, the ontinua approah eah other. The two- and the four-triplon
ontinua espeially overlap more strongly. The seond sizable eet of the four-spin
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interation is to lower the attrative two-triplon interation. Thereby the binding
energy of the two-triplon bound states is redued and spetral weight is shifted from
the bound state to the two-triplon ontinuum. The S = 1 bound state has disappeared
for realisti values of uprate ladders due to this eet.
The dynami struture fator is dominated by the one-triplon ontribution. Most
of the spetral weight is found at the zone boundaries where the spin gap ours. The
spetral weight for small momenta is very low. The two-triplon ontribution represents
about 30% of the total spetral weight integrated over all momenta, frequenies and
parities. The two-triplon ontribution is the leading one with even parity. Thus it
should be measurable independently from the one-triplon ontributions. The shape of
the two-triplon ontinuum for total spin S = 1 hanges signiantly for nite four-spin
interation. The disappearane of the two-triplon bound state auses sharp strutures
at the lower band edge of the two-triplon ontinuum.
The spetral densities with total spin S = 0 are relevant for Raman sattering and
IR absorption. The eletromagneti waves modify the exhange ouplings on the rungs
or on the legs of the ladder, respetively, leading to a pronouned dependene on the
polarization. Raman sattering measures the response at zero total momentum. There
the spetrum is dominated by the two-triplon peak within the two-triplon ontinuum.
The IR absorption displays a struture with three peaks. The two low-energy features
originate from the two-triplon bound state. The third very broad peak represents
the ontinuum ontribution. The overall shape of the S = 0 spetral density is not
hanged signiantly for realisti values of the four-spin interation.
The interplay of reent developments in the theoretial desription of gapped
one-dimensional spin liquids and the improvements in spetrosopi experiments have
permitted to gain a quantitative understanding of the magneti exitations and their
line shapes in uprate ladder systems.
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